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• Let denote by N and R the sets of natural numbers and real numbers, respec-
tively.


























• The fundamental solution of the heat equation on RN is








, (x, t) ∈ RN × (0,∞).
• For any K ≥ 0, we denote by [K] the integer such that K − 1 < [K] ≤ K.






ν := xν11 · · ·xνNN , ν! := ν1! · · · νN !, ∂νx :=
∂|ν|
∂xν11 · · · ∂xνNN
.
• Let BC := BC(RN) be the set of bounded and continuous functions on RN .






G(x− y, t)ϕ(y) dy, (x, t) ∈ RN × (0,∞),
which is the unique solution of the heat equation
∂tu = ∆u in R
N × (0,∞), u(x, 0) = ϕ(x) in RN .
• For any 1 ≤ r ≤ ∞, let ‖ · ‖r be the usual norm of Lr := Lr(RN).
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• For any K ≥ 0, we define





|f(x)|(1 + |x|K) dx.
• For any two nonnegative functions f1 and f2 defined in an interval (a,∞),
where a ∈ R, we write
f1(t) ∼ f2(t) as t→∞
if there exists C > 0 such that f1(t) ≤ Cf2(t) and f2(t) ≤ Cf1(t) for all
sufficiently large t.
• For any two positive valued functions f1 and f2 defined in an interval (a,∞),
where a ∈ R, we write
f1(t) = O (f2(t)) as t→∞






• For any two positive valued functions f1 and f2 defined in an interval (a,∞),
where a ∈ R, we write
f1(t) = o (f2(t)) as t→∞









Let us consider a general form of nonlinear reaction-diffusion equation,{
∂tu = Au+ f(u) in R
N × (0,∞),
u(x, 0) = u0(x) in R
N .
(P)
In general, the behavior of the solution u as time evolves is governed by the following
three factors: diffusion A, reaction f and initial value u0. For a given initial value
u0, the diffusion A and the reaction f will compete each other, and eventually, one
of them can prevail over the other as time passes. Lots of researches([9]-[11], [24],
[33]) have been done in this field for revealing which factor is dominant in view of
large time behaviors of solutions by changing various conditions of the three factors.
The present study is motivated by the following conjecture:
Even if an overall behavior of u is dominated by only one factor as time goes to
infinity, the other factor may appear in a higher order expansion of u.
In particular, when A is the Laplacian, the answer for the conjecture above is
affirmative under suitable decaying conditions on f and u0. In a series of papers [12]-
[17], it is proved that a higher order expansion is possible and it can be described as
a linear combination of derivatives of the Gauss kernel. As far as we know, there are
few results on the study of higher order asymptotic expansions neither for nonlinear
diffusions nor for semilinear parabolic systems.
In this thesis, we are concerned with the higher order asymptotic expansion of
solutions as t → ∞, when the reaction f is dominant. Finally, we shall reveal how
the effect of the diffusion A appears in the higher order expansion. More precisely,
we shall consider the case when u can be expressed as
u(x, t) = ζ(t) + o (ζ(t)) as t→∞, (1.1)
uniformly for x ∈ RN . Here ζ := ζ(t) is a solution of the ODE,
ζ ′ = f(ζ) in (0,∞).
The initial value for ζ(t) will be relevant to that of u(x, t). Under (1.1), we shall
consider the following two problems and give an answer to the conjecture above.
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(1) A nonlinear diffusion equation of porous medium type,
∂tu = ∆u
m + ua,
where m > 0, a < 1.
(2) A weakly coupled system of linear diffusion,{
∂tu = ∆u+ v
α,
∂tv = ∆v + u
β,
where α, β > 0 with αβ < 1.
For the problems (1) and (2), we study the large time behavior of the solution and
clarify the relationship between the effect of diffusion and the higher order expansion
of the solution.
This thesis is organized as follows. In Chapter 2 we recall a general theory
on the higher order asymptotic expansion of solutions to the heat equation with
an inhomogeneous term. In Chapters 3 and 4 we obtain asymptotic expansions of
solutions for the problems (1) and (2), respectively
2 Preliminaries
In this Chapter, we introduce some notations and recall some properties of the
Gauss kernel. Furthermore, we recall some lemmas on the higher order asymptotic
expansion of the solutions to the heat equation with an inhomogeneous term. In
what follows, by the letter C we denote generic positive constants and they may
have different values also within the same line.
Let ν ∈M and ℓ ≥ 0. It follows that (see Notation i)



















(∂νxG)(x, t+ 1). (2.1)
Then
‖gν(t)‖q ≤ C(1 + t)−
N
2 (1− 1q )−
|ν|
2 , t > 0,∫
RN
|x|ℓ|gν(x, t)| dx ≤ C(1 + t)
ℓ−|ν|
2 , t > 0,
(2.2)
where 1 ≤ q ≤ ∞. Furthermore, the Young inequality together with (2.2) implies
the following (see Notation ii):
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2 ‖ϕ‖p, t > 0, (2.3)
for ϕ ∈ Lp. In particular,
sup
t>0
‖et∆ϕ‖p ≤ ‖ϕ‖p for ϕ ∈ Lp. (2.4)
• Let δ > 0. Then there exists a constant C > 0 such that
|||et∆ϕ|||ℓ ≤ (1 + δ)|||ϕ|||ℓ + C(1 + t ℓ2 )‖ϕ‖1 (2.5)
for ϕ ∈ L1ℓ .
Let f ∈ L1K (K ≥ 0) and let ν ∈ M be such that |ν| ≤ K. Following [13], we
























dx = 0 (2.6)
holds for t ≥ 0 and ω ∈M with |ω| ≤ K (see [12, Section 2] and [15, Lemma 2.1]).
Due to (2.7), we have the following three lemmas (see [15, 16]), which enable us to
obtain the higher order asymptotic expansions of the solutions to the heat equation
with an inhomogeneous term:


























as t→∞ for q ∈ [1,∞] and ℓ ∈ [0, K].
Lemma 2.2 Let K ≥ 0 and 1 ≤ q ≤ ∞. Let f be a measurable function in
RN × (0,∞) such that









)‖f(t)‖Lq(RN ) + ‖f(t)‖L1(RN )
]
+ |||f(t)|||K ∈ L∞(0, T )
for T > 0.
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(i) For any ν ∈M with |ν| ≤ K, there exists a constant C1 > 0 such that
|mν(f(t), t)| ≤ C1(1 + t)−
K−|ν|
2 EK,q[f ](t)
for almost all t > 0.
(ii) Set











Let j ∈ {0, 1} and T∗ > 0. Then there exists a constant C2 > 0 such that, for
any ϵ > 0 and T ≥ T∗,
t
N
2 (1− 1q )‖∇jRK [f ](t)‖q + t− ℓ2 |||∇jRK [f ](t)|||ℓ
≤ ϵt−K+j2 + C2t−K2
∫ t
T
(t− s)− j2EK,q[f ](s)ds
(2.7)












2 (1− 1q )‖RK [f ](t)‖q + t− ℓ2 |||RK [f ](t)|||ℓ
]
= 0. (2.8)
Lemma 2.3 Under the assumptions of Lemmas 2.1 and 2.2, set








for x ∈ RN and t > 0. Then








mν(ϕ, 0)gν(x, t) +RK [f ](x, t),
for x ∈ RN and t > 0.
4
3 Nonlinear diffusion equations of porous medium
type
Let u be a positive solution to the Cauchy problem for a nonlinear diffusion equation{
∂tu = ∆u
m + uα in RN × (0,∞),
u(x, 0) = λ+ ϕ(x) > 0 in RN ,
(PM)
where m > 0, α ∈ (−∞, 1), λ > 0 and ϕ ∈ BC ∩ Lr with 1 ≤ r < ∞ and




µ1−α + (1− α)t) 11−α . (3.1)
Then the solution u to problem (PM) satisfies limt→∞ u(x, t) = ∞ uniformly for





∣∣∣∣u(x, t)ζλ(t) − 1
∣∣∣∣ = 0. (3.2)
Indeed, the comparison principle implies that
ζc(t) ≤ u(x, t) ≤ ζc′(t) in RN × (0,∞), (3.3)
where c := infx∈RN u(x, 0) > 0 and c′ := supx∈RN u(x, 0) < ∞. Furthermore, by
(3.1) we have
u(x, t) ∼ (1− α) 11−α t 11−α ∼ ζλ(t) as t→∞
uniformly for x ∈ RN , and (3.2) holds. (See also [1, 19, 29, 32] for related results.)
In this chapter we obtain the precise description of the large time behavior of the
solution and show that the function U = U(x, t) defined by
U(x, t) :=
λα [u(x, t)− ζλ(t)]
ζλ(t)α
, x ∈ RN , t ≥ 0, (3.4)
behaves like a rescaled solution to the heat equation as t→∞ if m ≥ α.
In this chapter, we say that u is a solution to problem (PM) if
u ∈ C(RN × [0,∞)) ∩ C2,1(RN × (0,∞)),
0 < inf
x∈RN
u(x, t) ≤ sup
x∈RN
u(x, t) <∞ for any t > 0.
The main purpose of this chapter is to obtain the precise description of the large
time behavior of the function U (see (3.4)). There are many results on the large
time behavior of the solutions to the porous medium equation ∂tu = ∆u
m (see e.g.
[31]), however it still seems difficult to obtain the precise description of the large
time behavior of the solutions such as the higher order asymptotic expansions of the
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solutions. In this chapter, for the case ofm ≥ α, taking an advantage of the fact that
the solution behaves like a solution to ODE ζ ′ = ζα and developing the arguments
in [14, 15, 17], we show that the function U behaves like a rescaled solution to the
heat equation as t→∞ and obtain the higher order asymptotic expansions of U .
We state the main results of this chapter. In Theorem 3.1 we study the large
time behavior of U in the case of ϕ ∈ Lr with r > 1 and we show that U behaves
like a rescaled function of et∆ϕ as t→∞ if m ≥ α.
Theorem 3.1 Let u be a solution to (PM), where m > 0 and α ∈ (−∞, 1) with





m−1 ds, t ≥ 0. (3.5)



























as t→∞ for q ∈ [r,∞].
In Theorem 3.2, under the assumption that m ≥ α and ϕ ∈ L1K with K ≥ 0, we
prove that U behaves like a suitable multiple of a rescaled Gauss kernel as t → ∞
and obtain the higher order asymptotic expansions of U .
Theorem 3.2 Let u be a solution to (PM), where m > 0 and α ∈ (−∞, 1) with
m ≥ α. Assume ϕ ∈ BC ∩ L1K for some K ≥ 0 with
0 ≤ K < N + 2 1− α
m− α if m > α and 0 ≤ K <∞ if m = α. (3.7)
Let U and σ be as in (3.4) and (3.5), respectively. Then there exist constants











2 (1− 1q )−K2
)
(3.8)
as t→∞ for q ∈ [1,∞].
In Theorem 3.2 the asymptotic profile of U is described by the Gauss kernel G and
its derivatives and it is independent of the Barenblatt solutions even if m ̸= 1.




This implies that σ(t)→∞ as t→∞.
(ii) For the case of m < α, U converges to a nontrivial function as t → ∞ and it
does not necessarily decay as t→∞.
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Although Theorems 3.1 and 3.2 are new even in the case of m = 1, the novelty of
this research is to obtain the precise description of the large time behavior of U in
the case of m ̸= 1.
3.1 Idea of proof
For the solution u to (PM), we set w(x, τ) := U(x, t(τ)), where t(τ) is the inverse
function of σ(t) (see (3.5)), that is,∫ t(τ)
0
mζλ(s)
m−1 ds = τ, τ ≥ 0.
Then w satisfies
∂τw = div (A(τ, w)∇w) + F (τ, w)
= ∆w + divH(x, τ, w,∇w) + F (τ, w) in RN × (0,∞),





1 + λ−αη(τ)α−1w(x, τ)
)m−1
,
F (τ, w) := λαmη(τ)−(m−1)
(
(1 + λ−αη(τ)α−1w)α − 1− λ−ααη(τ)α−1w
)
,
H(τ, w,∇w) := (A(τ, w)− 1)∇w,
η(τ) := ζλ(t(τ)).
(3.10)
Here we remark that H(τ, w,∇w) = 0 if m = 1 and




In [14], developing the arguments in [12] and [13], Ishige and Kawakami studied the
Cauchy problem to nonlinear diffusion equations of the form
∂τv = ∆v + f(x, τ, v,∇v) in RN × (0,∞)
and established a method to obtain the higher order expansions of the solution
behaving like a suitable multiple of the Gauss kernel as t → ∞. (See also [15] and
[16].) However, in the case of m ̸= 1, due to the nonlinear term divH(τ, w,∇w), we
can not apply the arguments in [12]–[15] and [16] to problem (3.8) directly. Indeed,
it is difficult to apply their arguments to the Cauchy problem for nonlinear diffusion
equations of the form
∂τv = ∆v + divF(x, τ, v,∇v) in RN × (0,∞),
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since divF(x, t, v,∇v) includes the second derivatives of v. On the other hand,
showing that A(τ, w)→ 1 as τ →∞ uniformly on RN , we can apply the parabolic
regularity theorems to w and obtain gradient estimates of w. Then we can regard
Cauchy problem (3.8) as the Cauchy problem to a nonlinear heat equation of the
form
∂τw = ∆w + divF1(x, τ, w) + F2(τ, w) in R
N × (0,∞).
Furthermore, using nice properties of H(τ, w,∇w), we apply the arguments in [15]
and [17] to obtain the precise description of the large time behavior of w. Then we
can complete the proofs of Theorems 3.1 and 3.2.
4 Weakly coupled system of linear diffusion
Consider the Cauchy problem for a nonlinear parabolic system
∂tu = ∆u+ v
α in RN × (0,∞),
∂tv = ∆v + u
β in RN × (0,∞),
u(x, 0) = λ+ ϕ(x) > 0 in RN ,
v(x, 0) = µ+ ψ(x) > 0 in RN ,
(S)
where α, β > 0 with αβ < 1, λ, µ > 0 and
ϕ, ψ ∈ BC(RN) ∩ Lr(RN) for some r ∈ [1,∞),
inf
x∈RN
ϕ(x) > −λ, inf
x∈RN
ψ(x) > −µ.
Parabolic system (S) is one of the simplest reaction-diffusion systems describing
heat propagation in a two component combustible mixture. Thanks to αβ < 1,










This chapter is concerned with the large time behavior of the solution (u, v).
For any a, b > 0, we denote by (ζ(·; a, b), η(·; a, b)) the solution to ODE’s
ζ ′ = ηα, η′ = ζβ in (0,∞), (ζ(0), η(0)) = (a, b). (O)
Then
















































for x ∈ RN and t > 0. By (4.1) and (4.3) we see that the solution (u, v) to
problem (S) behaves like a solution (ζ(t;λ, µ), η(t;λ, µ)) to problem (O) as t→∞.
More precisely, we have
u(x, t)− ζ(t;λ, µ) = O (t−1ζ(t;λ, µ)) = O (t 1+α1−αβ−1) ,
v(x, t)− η(t;λ, µ) = O (t−1η(t;λ, µ)) = O (t 1+β1−αβ−1) , (4.4)
as t → ∞ uniformly on RN . In this Chapter we obtain the precise description of
the large time behavior of the solution (u, v) by use of the solutions to the heat
equation and reveal the relationship between the behavior of the solution (u, v) and
the diffusion effect nonlinear parabolic system (P) has.
We state the main results of this chapter. In what follows, we write ζ(t) :=
ζ(t;λ, µ) and η(t) := η(t;λ, µ) for simplicity. Let (A,B) = (A(t), B(t)) be the
positive solution to
A′ = αηα−1B, B′ = βζβ−1A in (0,∞), (A(0), B(0)) = (1, 1). (O’)








for x ∈ RN and t ≥ 0. In Theorem 4.1 we obtain the asymptotic behavior of (U, V )
in the case where ϕ, ψ ∈ BC ∩ Lr for some r ∈ (1,∞).
Theorem 4.1 Let (u, v) be a solution to (S), where α, β > 0 with αβ < 1. Assume
















∥∥V (t)− et∆ψ +M2(t)et∆(ψ − ϕ)∥∥q = O (t−N2r)+O (t−N2 (1− 1r )) , (4.6)













M1(t) +M2(t) = 1 +O(t
−γ) as t→∞, where γ := α + β + 2αβ
1− αβ . (4.7)
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We remark that A(t)B(t) ∼ tγ as t→∞. As a direct consequence of Theorem 4.1,
we have:

















2 (1− 1r )
)
as t→∞ for q ∈ [r,∞].
In Theorem 4.2, under the assumption that ϕ, ψ ∈ BC ∩ L1K for some K ≥ 0, we
obtain the precise description of the large time behavior of (U, V ).
Theorem 4.2 Let (u, v) be a solution to (S), where α, β > 0 with αβ < 1. Assume
ϕ, ψ ∈ BC ∩ L1K for some K ≥ 0 with
0 ≤ K < min{N + 2, 2γ}, (4.8)





































as t→∞ for q ∈ [1,∞].
Corollary 4.2 Assume the same conditions as in Theorem 4.2. Then
t
N






as t→∞ for q ∈ [1,∞].
Corollary 4.2 immediately follows from Theorem 4.2. 5
4.1 Idea of proof
Let (U, V ) be as in (4.5). Then (U, V ) satisfies
∂tU = ∆U + F (U, V, t) in R
N × (0,∞),
∂tV = ∆V +G(U, V, t) in R
N × (0,∞),




F1(a, b, t) := A(t)
−1
[
ηα(1 + η−1B(t)b)α+ − ζ ′ − A′(t)a
]
,
F2(a, b, t) := B(t)
−1
[
ζβ(1 + ζ−1A(t)a)β+ − η′ −B′(t)b
]
,
for a, b ∈ R and t > 0. Here (s)+ := max{s, 0} for s ∈ R. The main ingredients
of the proof of our main theorems are to obtain the decay estimate of (U, V ) and to
study the asymptotic behavior of (U, V ) by applying the arguments in [4] and [17].
For the decay estimate of (U, V ), firstly, we study the behavior of the solution (A,B)
to problem (O’) by constructing supersolutions and subsolutions to A = A(t) and
B = B(t). Then we prove that
F1(U(x, t), V (x, t), t) =
A′(t)
A(t)
(V (x, t)− U(x, t)) +O ((1 + t)−2V (x, t)2) ,
F2(U(x, t), V (x, t), t) =
B′(t)
B(t)
(U(x, t)− V (x, t)) +O ((1 + t)−2U(x, t)2) ,
as t → ∞ uniformly for x ∈ RN . Secondly, constructing a supersolution and a
subsolution to (4.10) and applying a comparison principle for parabolic systems, we
obtain the decay estimates of U and V . Next, applying the arguments in [4] and [17],
we obtain the behavior of U and V to complete the proofs of our main theorems.
Here the behavior of
Z(x, t) := A(t)B(t)[U(x, t)− V (x, t)] (4.11)
plays an important role of studying the asymptotic behavior of U and V .
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